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Solution: From Itô’s formula,

dW

W
=

dg

g
+

dM−1/ρ

M−1/ρ

=
g′

g
dt+

−(1/ρ)M−1−1/ρ dM + (1/2)(1/ρ)(1 + 1/ρ)M−2−1/ρ(dM)2

M−1/ρ
.

The stochastic part of this comes from

−(1/ρ)M−1−1/ρ dM

M−1/ρ
= −1

ρ

dM

M
=
r

ρ
dt+

1

ρ
λ′p dB .

Hence the stochastic part of the portfolio return must be

1

ρ
λ′p dB ,

implying

π′σ =
1

ρ
λ′p =

1

ρ
(µ− rι)′Σ−1σ .

Postmultiplying by σ′Σ−1 shows that this has the unique solution

π′ =
1

ρ
(µ− rι)′Σ−1 .

14.7. This exercise demonstrates the equivalence between the intertemporal and static budget

constraints in the presence of labor income when the investor can borrow against the income, as

asserted in Section 14.3. Let M be an SDF process and Y a labor income process. Assume

E

[∫ T

0
Mt|Yt|dt

]
<∞

for each finite T . The intertemporal budget constraint is

dW = rW dt+ φ′(µ− rι) dt+ Y dt− C dt+ φ′σ dB . (14.34)
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(a) Suppose that (C,W, φ) satisfies the intertemporal budget constraint (14.34), C ≥ 0, and the

nonnegativity constraint (14.8) holds.

(i) Suppose the horizon is finite. Show that (C,W ) satisfies the static budget constraint

W0 + E

[∫ T

0
MtYt dt

]
≥ E

[∫ T

0
MtCt dt+MTWT

]
(14.35)

by showing that ∫ t

0
Ms(Cs − Ys) ds+MtWt

is a supermartingale.

Hint: Show that it is a local martingale and at least as large as the martingale −Xt,

where

Xt = Et

[∫ T

0
MsYs ds

]
.

This implies the supermartingale property (Appendix A.13.)

Solution: The differential of

∫ t

0
Ms(Cs − Ys) ds+MtWt

is

M(C − Y ) dt+M dW +W dM + (dM)(dW )

= rMW dt+Mφ′(µ− rι) dt+Mφ′σ dB − rMW dt−MWλ′ dB −Mφ′σλdt

= Mφ′σ dB −MWλ′ dB .

Thus, it is a local martingale. By the nonnegative wealth constraint (14.8) and the

nonnegativity of C,

∫ t

0
MsCs ds+MtWt + Et

[∫ T

t
MsYs ds

]
≥ 0 .
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This implies ∫ t

0
Ms(Cs − Ys) ds+MtWt ≥ −Et

[∫ T

0
MsYs ds

]
.

Hence, ∫ t

0
Ms(Cs − Ys) ds+MtWt

is a supermartingale, which implies

W0 ≥ E

[∫ T

0
Ms(Cs − Ys) ds+MTWT

]
.

Rearranging produces the static budget constraint.

(ii) Suppose the horizon is infinite and limT→∞ E[MTWT ] ≥ 0. Assume Y ≥ 0. Show that

the static budget constraint

W0 + E

[∫ ∞
0

MtYt dt

]
≥ E

[∫ ∞
0

MtCt dt

]

holds.

Solution: Taking the limit of the finite-horizon static budget constraint as T → ∞,

using the nonnegativity of C, Y and M and the Monotone Convergence Theorem yields

W0 + E

[∫ ∞
0

MtYt dt

]
≥ E

[∫ ∞
0

MtCt dt

]
+ lim
T→∞

E[MTWT ] ≥ E

[∫ ∞
0

MtCt dt

]
.

(b) Suppose the horizon is finite, markets are complete, C ≥ 0, and (C,W ) satisfies the static

budget constraint (14.35) as an equality. Show that there exists φ such that (C,W, φ) satisfies

the intertemporal budget constraint (14.34).

Solution: The proof is the same as in Section 13.5, replacing C by C − Y . Specifically,

defining

Wt = Et

[∫ T

t

Ms

Mt
(Cs − Ys) ds+

MT

Mt
WT

]
,
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it follows that ∫ t

0
Ms(Cs − Ys) ds+MtWt

is a martingale. Use the martingale representation theorem and choose φ to match φ′σ dB to

the stochastic part of dW as in Section 13.5.



Chapter 15

Continuous-Time Topics

15.1. Assume there is a representative investor with constant relative risk aversion ρ. Assume

aggregate consumption C satisfies

dC

C
= α(X) dt+ θ(X)′ dB

for functions α and θ, where X is the Markov process (13.50).

(a) Explain why the market price-dividend ratio is a function of Xt.

Solution: The market price-dividend ratio at date t is

Et

∫ ∞
t

MuCu
MtCt

du = Et

∫ ∞
t

e−δ(u−t)
(
Cu
Ct

)1−ρ
du .

Because Xt is a sufficient statistic for the distribution of Cu/Ct for u ≥ t, this is a function

of Xt.

(b) Denote the market price-dividend ratio by f(Xt). Explain why the market risk premium is

ρθ′θ + ρθ′

∑̀
j=1

∂ log f(x)

∂xj

∣∣∣∣
x=Xt

νj

 .

159



160 CHAPTER 15. CONTINUOUS-TIME TOPICS

How does this compare to the geometric Brownian motion model of consumption in Exer-

cise 13.2?

Solution: Let Pt denote the price of the market portfolio, so we have Pt/Ct = f(Xt) and

therefore Pt = Ctf(Xt). This implies

dP

P
=

dC

C
+

df(Xt)

f(Xt)
+

(
dC

C

)(
df(Xt)

f(Xt)

)
.

Also, from Exercise 13.2(c),

dM

M
= −δ dt− ρdC

C
+
ρ(1 + ρ)

2

(
dC

C

)2

.

It follows that the market risk premium is

−
(

dP

P

)(
dM

M

)
= ρ

(
dC

C

)2

+ ρ

(
dC

C

)(
df(Xt)

f(Xt)

)

= ρθ′θ dt+ ρ(θ′ dB)

∑̀
j=1

fxj (Xt)

f(Xt)
ν ′j dB


= ρθ′θ dt+ ρ

∑̀
j=1

fxj (Xt)

f(Xt)
θ′νj dt .

In the geometric Brownian motion model of consumption, the market risk premium is just

ρθ′θ.

15.2. Adopt the assumptions of Part (a) of Exercise 13.2. Assume ertMt is a martingale.

(a) Using Girsanov’s theorem, show that

dD

D
= (µ− σλ) dt+ σ dB∗ ,

where B∗ is a Brownian motion under the risk neutral probability associated with M .

Solution: Girsanov’s theorem states that

dB∗ = dB −
(

dM

M

)
(dB) = dB + λ dt
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defines a Brownian motion under the risk-neutral probability. Substituting B∗ for B in the

equation for dD gives the result.

(b) Calculating under the risk neutral probability, show that the asset price is

Pt
def
=

Dt

r + σλ− µ
.

Verify that the expected rate of return of the asset under the risk neutral probability is the

risk-free rate.

Solution: The asset price is

E∗t

∫ ∞
t

e−r(u−t)Du du =

∫ ∞
t

e−r(u−t)E∗t [Du] du

=

∫ ∞
t

e−r(u−t)e(µ−σλ)(u−t)Dt du

=
Dt

r + σλ− µ
.

Define δ = r + σλ− µ, so we have D/P = δ. Then,

dP +D dt

P
=

dP

P
+ δ dt =

dD

D
+ δ dt = r dt+ σ dB∗ .

(c) Define δ = r + σλ− µ, so we have D/P = δ (in other words, δ is the dividend yield). Verify

that

dP

P
= (r − δ) dt+ σ dB∗ .

Solution: See the previous part.

(d) Write down the fundamental PDE—which is here actually an ODE—for the asset value

Pt = f(Dt). Verify that the ODE is satisfied by f(D) = D/(r + σλ− µ).
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Solution: Write the rate of return as

df +D dt

f
=

1

f

[
f ′ dD +

1

2
f ′′(dD)2 +D dt

]
=

1

f

[
f ′(µ− σλ)D dt+ f ′σD dB∗ +

1

2
f ′′σ2D2 dt+D dt

]

Equate the expected rate of return under the risk-neutral probability to r dt. This gives the

ODE

f ′(µ− σλ)D +
1

2
f ′′σ2D2 +D = rf .

For the given f , we have f ′ = 1/(r + σλ − µ) and f ′′ = 0. Substituting into the ODE, it

simplifies to

(µ− σλ)D

r + σλ− µ
+D =

rD

r + σλ− µ
,

and this equation is true.

15.3. Adopt the assumptions of Section 15.2. Assume the investor constant relative risk aversion ρ.

Define optimal consumption C and terminal wealth WT from the first-order conditions (14.7), and

define Wt from (14.5).

(a) Show that Wt = M
−1/ρ
t f(t,Xt) for some function f .

Solution: Suppose the investor maximizes

∫ T

0
e−δt

1

1− ρ
C1−ρ
t dt+

b

1− ρ
W 1−ρ
T .

The first-order conditions give us Ct =
(
γeδtMt

)−1/ρ
and WT = (γMT /b)

−1/ρ. Therefore, the

optimal wealth is

Et

[∫ T

t

Mu

Mt

(
γeδuMu

)−1/ρ
du+

MT

Mt
(γMT /b)

−1/ρ

]
= M

−1/ρ
t Et

[∫ T

t

(
γeδu

)−1/ρ
(
Mu

Mt

)(ρ−1)/ρ

du+ (γ/b)−1/ρ

(
MT

Mt

)(ρ−1)/ρ
]
.
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The conditional expectation here is a function of t and Xt, because Xt is a sufficient statistic

for the distribution of Mu/Mt for u > t.

(b) Derive a PDE for f . Students may try to derive the PDE from (15.3). There is a

mistake in (15.3). The mistake is noted in the errata and also discussed below.

Solution: We use the fact that

∫ t

0
MuCu du+MtWt =

∫ t

0

(
γeδu

)−1/ρ
M1−1/ρ
u du+M

1−1/ρ
t f(t,Xt)

is a martingale. Its differential is

(
γeδt

)−1/ρ
M

1−1/ρ
t dt+M

1−1/ρ
t df(t,Xt) + f(t,Xt) dM

1−1/ρ
t +

(
dM

1−1/ρ
t

)
(df(t,Xt)) . (∗)

Use Exercise 12.2(c) and the dynamics of M to obtain

dM1−1/ρ

M1−1/ρ
=
ρ− 1

ρ

(
− r dt− λ′ dB

)
+

1− ρ
2ρ2

λ′λ dt .

We want to equate the dt terms of (∗) to zero. We can cancel the M
1−1/ρ
t throughout. This

yields

(
γeδt

)−1/ρ
+ ft +

∑̀
i=1

fxiφi +
1

2

∑̀
i=1

∑̀
j=1

fxi,xjν
′
iνj + f

[
(1− ρ)r

ρ
+

(1− ρ)λ′λ

2ρ2

]

+
1− ρ
ρ

∑̀
i=1

fxiν
′
iλ = 0 .

This can also be derived from the PDE (15.3) after making the correction to

(15.3) stated in the errata: The rf on the right-hand side should be replaced

by 0.

(c) Explain why the optimal portfolio is π(t,Xt) where π satisfies

π(t, x)′ =

(
1

ρ
λ(x)′ +

∑̀
i=1

∂ log f(t, x)

∂xi
νi(x)′

)
σ(x)−1 .
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How does this compare to the optimal portfolio derived in Exercise 14.6 for a constant invest-

ment opportunity set? How does it compare to the optimal portfolio (14.24) derived from

dynamic programming?

Solution: Wealth is Wt = M
−1/ρ
t f(t,Xt), so the stochastic part of dW/W is

1

f

∑̀
i=1

fxiν
′
i dB +

1

ρ
λ′ dB .

Choosing π so that this stochastic part equals π′σ dB yields the formula for π.

In Exercise 14.6, the optimal portfolio is

π =
1

ρ
Σ−1(µ− rι) =

1

ρ
(σσ′)−1(µ− rι) .

Using the fact that σ and σ′ are invertible here and the fact that µ− rι = σλ, we can write

this as

π =
1

ρ
(σ′)−1σ−1σλ =

1

ρ
(σ′)−1λ .

This agrees with the formula in this exercise when fxi = 0 for all i (as is true in Exercise

14.6).

Similarly, we the fact that σ and σ′ are invertible here and the fact that µ− rι = σλ to write

(14.24) as

π = − Jw
wJww

(σ′)−1λ−
∑̀
i=1

Jwxi
wJww

(σ′)−1νi .

This must agree with the formula for this exercise, so the relative risk aversion of the value

function must be ρ and Jwxi/wJww = fxi/f for all i.

15.4. Assume aggregate consumption C and its expected growth rate µ satisfy

dC

C
= µ dt+ σ dB1

dµ = κ(θ − µ) dt+ γ
[
ρ dB1 +

√
1− ρ2 dB2

]
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for constants σ, κ, ρ, θ, and γ and independent Brownian motions B1 and B2. Then the vector

process (C, µ) is Markov. Assume

Mt
def
= e−δt

(
Ct
C0

)−ρ
is an SDF process for constants δ and ρ. The same symbol ρ is used here for the correlation

between dC/C and dµ and also for relative risk aversion. In the solution below, I use

η instead of ρ for the correlation. That is, I assume

dµ = κ(θ − µ) dt+ γ
[
η dB1 +

√
1− η2 dB2

]
.

(a) Show that the price of risk vector λ for the SDF process M is constant.

Solution: The stochastic part of dM/M is −ρσ dB1, so the price of risk vector is

λ =

ρσ1

0

 .

(b) Explain why the market price-dividend ratio is a function of µ.

Solution: The market price-dividend ratio is given in part (c). Because µ is Markovian,

µt is a sufficient statistic for forecasting Cu/Ct and hence also for forecasting Mu/Mt.

(c) Let f(µ) denote the market price-dividend ratio, that is,

f(µt) = Et

∫ ∞
t

Mu

Mt
· Cu
Ct

du .

Write down the fundamental ODE for f .

Solution: The price of the market portfolio is Ctf(µt), so the market return is

dS

S

def
=

d(Cf) + C dt

Cf
=

dC

C
+

df

f
+

(
dC

C

)(
df

f

)
+

1

f
dt .

The market risk premium is

E

[
dS

S

]
− r dt = E

[
dC

C

]
+ E

[
df

f

]
+

(
dC

C

)(
df

f

)
+

1

f
dt− r dt .
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The required risk premium is

−
(

dS

S

)(
dM

M

)
= −

(
dC

C

)(
dM

M

)
−
(

df

f

)(
dM

M

)
= ρ

(
dC

C

)2

+ ρ

(
df

f

)(
dC

C

)
.

Equating the two gives

µ+
f ′

f
κ(θ − µ) +

1

2

f ′′

f
γ2 +

f ′

f
σγη +

1

f
− r = ρσ2 +

f ′

f
ρσγη .

This is equivalent to

[κ(θ − µ) + (1− ρ)σγη]f ′(x) +
1

2
γ2f ′′(x) = (r + ρσ2 − µ)f(x) .

15.5. Assume two dividend processes Di are independent geometric Brownian motions:

dDi

Di
= µi dt+ σi dBi

for constants µi and σi and independent Brownian motions Bi. Define Ct = D1t +D2t. Assume

Mt
def
= e−δt

C0

Ct

is an SDF process. (This is the MRS for a log-utility investor.) Define Xt = D1t/Ct.

(a) Show that X is a Markov process.

Solution: We have

dC

C
=

dD1

C
+

dD2

C

=
D1(µ1 dt+ σ1 dB1)

C
+
D2(µ2 dt+ σ2 dB2)

C

= X(µ1 dt+ σ1 dB1) + (1−X)(µ2 dt+ σ2 dB2) .
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Using this result and the definition X = D1/C, we obtain

dX

X
=

dD1

D1
− dC

C
−
(

dD1

D1

)(
dC

C

)
+

(
dC

C

)2

= (1−X)(µ1 dt− µ2 dt+ σ1 dB1 − σ2 dB2)−Xσ2
1 dt+X2σ2

1 dt+ (1−X)2σ2
2 dt .

Thus, the distribution of dX is a function of X alone.

(b) Show that the value

Et

∫ ∞
t

Mu

Mt
D1u du

equals Ctf(Xt) for some function f .

Solution: This is the value of the first asset. It equals

Ct Et

∫ ∞
t

Mu

Mt
Xu du .

Because X is Markov and the growth rate dC/C depends only on X (as shown in the solution

to part (a)) and because M is a function of C, Xt is a sufficient statistic for forecasting

MuXu/Mt.

(c) Write down the ODE that f must satisfy.

Solution: As in the previous exercise, we can derive the ODE by equating the risk premium

to the required risk premium. The rate of return of the first asset is

dS

S

def
=

d(Cf) + C dt

Cf
=

dC

C
+

df

f
+

(
dC

C

)(
df

f

)
+

1

f
dt .

The risk premium is

E

[
dS

S

]
− r dt = E

[
dC

C

]
+ E

[
df

f

]
+

(
dC

C

)(
df

f

)
+

1

f
dt− r dt .
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The required risk premium is

−
(

dS

S

)(
dM

M

)
= −

(
dC

C

)(
dM

M

)
−
(

df

f

)(
dM

M

)
=

(
dC

C

)2

+

(
df

f

)(
dC

C

)
.

When we equate the two, we can cancel the term(
df

f

)(
dC

C

)
that appears in both the risk premium and the required risk premium. Equating the two

therefore gives

xµ1 + (1− x)µ2 +
f ′

f

[
x(1− x)(µ1 − µ2)− x2σ2

1 + x3σ2
1 + x(1− x)2σ2

2

]
+

1

2

f ′′

f

[
x2(1− x)2(σ2

1 + σ2
2)

]
+

1

f
− r = x2σ2

1 + (1− x)2σ2
2 .

This is equivalent to

1 +

[
x(1− x)(µ1 − µ2)− x2σ2

1 + x3σ2
a + x(1− x)2σ2

2

]
f ′(x) +

1

2
x2(1− x)2(σ2

1 + σ2
2)f ′′(x)

=

[
r − xµ1 − (1− x)µ2 + x2σ2

1 + (1− x)2σ2
2

]
f(x) .

15.6. Adopt the notation of Exercise 13.3. Suppose MdRd is a martingale and define the risk

neutral probability corresponding to Md. Assume MdXRf is also a martingale. Show that

dX

X
= (rd − rf ) dt+ σx dB∗ ,

where B∗ is a Brownian motion under the risk neutral probability. Note: This is called uncovered

interest parity under the risk neutral probability. Suppose for example that rf < rd. Then it may

appear profitable to borrow in the foreign currency and invest in the domestic currency money

market. The result states that, under the risk neutral probability, the cost of the foreign currency

is expected to increase so as to exactly offset the interest rate differential.
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Solution: We could use Girsanov’s theorem, or we can reason as follows. Because MdXRf is a

martingale under the physical probability, it follows that XRf/Rd is a martingale under the risk

neutral probability. Setting Y = XRf/Rd, we have

dY

Y
= (rf − rd) dt+

dX

X
.

This process has zero drift under the risk neutral probability, so the drift of dX/X under the risk

neutral probability is (rd − rf ) dt. Because volatilities do not change when we make an equivalent

change of measures, we know that

dX

X
= (rd − rf ) dt+ σx dB∗x

for some Brownian motion B∗x under the risk neutral probability. If fact, defining B∗x by

dB∗x =
1

σx

(
dX

X
− (rd − rf ) dt

)
=
µx − rd + rf

σx
dt+ dBx ,

the facts that B∗x has no drift under the risk neutral probability and (dB∗x)2 = (dBx)2 = dt implies

B∗x is a Brownian motion under the risk neutral probability, by Levy’s theorem.

15.7. Assume the market is complete, and let M denote the unique SDF process. Assume MR is

a martingale. Consider T < ∞, and define the probability Q in terms of ξT = MTRT by (15.5).

Define B∗ by (15.8). Let x be a random variable that depends only on the path of the vector

process B∗ up to time T and let C be a process adapted to B∗. Assume

E∗
[∫ T

0

Cs
Rs

ds+
x

RT

]
<∞ .

For t ≤ T , define

W ∗t = E∗t

[∫ T

t

Cs
Rs

ds+
x

RT

]
.
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Set Wt = RtW
∗
t (so, in particular, WT = x). Use martingale representation under Q and the fact

that ∫ t

0

Cs
Rs

ds+W ∗t = E∗t

[∫ T

0

Cs
Rs

ds+
x

RT

]
,

is a Q–martingale to prove that there is a portfolio process φ such that W , C and φ satisfy the

intertemporal budget constraint (13.38).

Solution: From (15.8), we have

dB∗ = λ dt+ dB = σ−1(µ− rι) dt+ dB .

By the martingale representation theorem, applied under the risk neutral probability, there exists

ψ such that

∫ t

0

Cs
Rs

ds+W ∗t = W ∗0 +

∫ t

0
ψ′s dB∗s

= W ∗0 +

∫ t

0
ψ′sσ

−1
s (µs − rsι) ds+

∫ t

0
ψ′s dBs .

Set φs = Rs
(
σ−1
s

)′
ψs. Then, we have

∫ t

0

Cs
Rs

ds+W ∗t = W ∗0 +

∫ t

0

1

Rs
φ′s(µs − rsι) ds+

∫ t

0

1

Rs
φ′sσs dBs .

Thus,

C

R
dt+ dW ∗ =

1

R
φ′(µ− rι) dt+

1

R
φ′σ dB .

Because W = RW ∗, we have

dW = R dW ∗ +W ∗ dR

= R

[
1

R
φ′(µ− rι) dt+

1

R
φ′σ dB − C

R
dt

]
+W

dR

R

= rW dt+ φ′(µ− rι) dt+ φ′σ dB .
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15.8. This exercise verifies that, as asserted in Section 15.3, condition (15.9) is sufficient for MW

to be a martingale. Let M be an SDF process such that MR is a martingale. Define B∗ by (15.8).

Let W be a positive self-financing wealth process. Define W ∗ = W/R.

(a) Use Itô’s formula, (13.10), (13.20), and (15.8) to show that

dW ∗ =
1

R
φ′σ dB∗ .

Solution: We have

dW ∗

W ∗
=

dW

W
− dR

R

= π′(µ− rι) dt+ π′σ dB

= π′σλdt+ π′σ dB

= π′σ dB∗ ,

using Itô’s formula, (13.10), (13.20) and (15.8) successively. This implies

dW ∗ = W ∗π′σ dB∗

=
W

R
π′σ dB∗

=
1

R
φ′σ dB∗ ,

where φ = Wπ.

(b) Explain why the condition

E∗
[∫ T

0

1

R2
φ′Σφ dt

]
<∞

implies that W ∗ is a martingale on [0, T ] under the risk neutral probability defined from M ,

where E∗ denotes expectation with respect to the risk neutral probability.


