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imply
C C
TS s T
E [MTWTWSJ E, [WJ E, [MTWTH
= E; [M:Cy] .
Therefore,

T t T
P[0 Cs g [ Cs i i [ Cs
E, [MTWT /0 = ds] = /O s X E, (W] +E [MTWT /t = ds]

S S S

i t Cs T i Cs
= MW, ds+ | By [ MpW—>| ds
o W, t %4

S S

t T
= MtWtT/ CST ds ‘|‘/ Et [MSCS] ds
o W t

s

t C T
:Mtwj/ +ds +E U M,C, ds] .
o Wi t

(d) Let M be an SDF process and assume MW is a martingale. Use the results of the previous

two parts to show that (13.39) is a martingale.

Solution: Let

e,
X, =E [MTW}/ jds] :
o W

S

This is a martingale. Using Parts (c) and (b) successively, we have

t C T
X, = MtWtT/ 5 ds+ E [/ M,C, ds]
0 Ws t
T
= Mt(WtT — Wt) + Et I:/ MSCS d8:| .
t
From the assumption that MWT is a martingale, it follows that
T
MtWt — Et |:/ MSCS d8:|
t

is a martingale. The second term in this expression is zero at ¢ = T'. Therefore,

T
MtWt — Et |:/ MSCS d5:| = Et[MTWT] .
t
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This implies

t t T
MtWtJr/ MsCsds:/ M,Cyds + E [/ MSCsds} + Ey[ MWy
0 0 t

T
=E; |:MTWT —I—/ M,C, d$:| .
0
13.6. Suppose W, C and 7 satisfy the intertemporal budget constraint (13.38) Define
tc
w, :Wt+Rt/ ZEds.
o Bs

Note: This means consumption is reinvested in the money market account rather than in the

portfolio generating the wealth process as in (13.43).

(a) Show that WT satisfies the intertemporal budget constraint (13.12).

Solution: We have

t
AWt = aw + Cdt + (/ %ds) dR
0

dRr

=dW + Cdt + (WT - W) i

=rWdt+¢'(u—r)dt +¢'odB+ (WH—W)rdt

=rWhdt+¢'(u—ri)dt + ¢'odB.

(b) Let M be an SDF process. Assume MR is a martingale and MW is a martingale. Deduce
that (13.39) is a martingale.

Solution: From the definition of W, we have
t t t C
/ MCsds + MWy = / M,C, dS—l—]\ftI/Vt]L — Mth/ Risds
0 0 0 s

Given the assumption that MW7 is a martingale, it suffices to show that

t t C
/ MSCS ds — Mth / == ds
0 0 RS
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is a martingale. By iterated expectations and the assumption that M R is a martingale, we

obtain, using the same reasoning as in the previous exercise,
o, o,
E; {MTRT/ —ds ] / —2ds x E;[MrRr] + E4 [MTRT/ —ds }
0 t

R R
= Mth/ == ds + Et I:/ MSCS d8:| .
0 Rs t

Thus,

T
Et[/ MC’ds—MTRT/ gds}_Et[/ MCds}—Mth/ ds—Et[/ MC’ds]
0 S
/MCdS—Mth/ 7(1
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Chapter 14

Continuous-Time Portfolio Choice

and Pricing

14.1. Assume the continuous-time CAPM holds:

o (5) (4)

for each asset i, where W, denotes the value of the market portfolio, p = aW,,, and « denotes the

aggregate absolute risk aversion. Define o; = /e/¥e; to be the volatility of asset 4, as described in

Section 13.1, so we have

for a Brownian motion Z;. Likewise, the return on the market portfolio is

dI/V& = Umdt+ o0y, dZp,

m

for some piy,, 0 and Brownian motion Z,,. Let ¢, denote the correlation process of the Brownian

motions Z; and Z,,.

145
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(a) Using the fact that the market return must also satisfy the continuous-time CAPM, show

that the continuous-time CAPM can be written as

Ui0m¢im( o — T‘) .

My —r = 5
Um

Solution: We have

s0 p = (ftm — r)/02,. Therefore

o e — 1 (dS; dW,,
(i~ r)at = (S)<Wm)

m

- T
= Mm2 (Ui0m¢im) dt.
Om

(b) Suppose 7, i, fim, 0i, om and p; are constant over a time interval At, so both S; and W,
are geometric Brownian motions over the time interval. Define the annualized continuously

compounded rates of return over the time interval:

TA_AlogSi and . _ Alog Wy,
At At

Let 7; and 7, denote the expected values of r; and r,,. Show that the continuous-time CAPM
implies

_cov(ri,tm) 1 4 B '
T, —T = ar(r) (T — 1) + 5 [cov(ri, rm) — var(r;)] At.

Solution: ~We have E[Alog S;] = (u; — 02/2) At and E[Alog Sp] = (pm — 02,/2) At, so

1 1
fz‘:#i—§0¢2, and Fm:um—iafn.



147

From Part (a),

1,
Ti T = =T 50
Oi0m®Pim 1
) (to — 1) — =0}
OiOm®Pim | _ 1 2 1 2
= 07%1 < m + 20m 7‘) 2(7Z
CiOm®Pim 1,
= %mzm (T — 1) + §aiam¢5im — 50 -
Also,
2
var(r;) = %t’
2
var(rpy,) = %,
Oi0m®Pim
cov(ri, Tm) = A

Making these substitutions yields the result.

14.2. For each investor h = 1,..., H, let m, denote the optimal portfolio presented in (14.24).

Using the notation of Section 14.6, set 75, = 1/ay, for each investor h. Then, (14.24) implies

L
Wpmn = ThZ_l(u —rL) — Z Th%E_lauj .
j=1 J

The formula given in the exercise is inconsistent with the notation in the chapter. 7y,

should be divided by X; as here.

(a) Deduce that

l
w—re=aWit+ Z %Ul/j , (14.33)
j=1""

(this formula is also incorrectly stated in the exercise. 7); should be divided by
X, as here) where 7 denotes the market portfolio:

H
T=2
h=1

h
T -

=E
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Solution: We have

0
(g — 1) = WpSm, + ZTh%Juj .
=1

Summing over h yields

4 H
_'r'L EZWhTFh—f-Z(ZThW) ovj,

which implies

H
1 Th1lhj
u—m—aWEW—i—E Xj<§ Tj)auj.

Jj=1

The result follows from the definition

H
Thilhj
=3

h=1

(b) Explain why (14.33) is the same as the ICAPM (14.31).

Solution: Stacking the equations (14.31a) for i = 1,...,n yields

(n=r0)dt = plo dB) (dVVVV) £ () (%)

Jj=1

4
oW (o dB)(d ZX—jadB B')v;

—aWdet+Z L ov;dt.
j=1 X

14.3. Consider an investor with initial wealth Wy > 0 who seeks to maximize E[log Wr]. Assume

T T
E[/ |rt|dt}<oo and E[/ ﬁfdt]<oo,
0 0

where k denotes the maximum Sharpe ratio. Assume portfolio processes are constrained to satisfy

T
E [/ 7[‘221571} dt} < 00.
0
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Recall that this constraint implies

T
E[/ 7T/O'dB:| =0.
0

(a) Using the formula (13.15) for W; show that the optimal portfolio process is
=" u—r).

Hint: the objective function obtained by substituting the formula (13.15) for W; can be
maximized in 7 separately at each date and in each state of the world.

Solution: From (13.15), the realized utility is

T T
1
log Wy + / <rs + (s — Tst) — 27r;ES7TS> ds + / mlosdBs.
0 0

The assumption

T
E [/ ﬂ;Esﬁsds] < 00,
0

implies

t
/ ﬂgas dB;
0

is a martingale. Thus, the expected utility is
T 1
logWy + E [/ <r8 + 7l (ps — rst) — 2%225775> ds] .
0
This is maximized by maximizing
/ 1 /
(ps — rst) — 5775237@

for each s, implying

Ts = Egl(ﬂs - st) .
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(b) Assume the market is Markovian. Show that the investor’s value function is V (t,w,z) =

logw + f(t,z), where

f(t,z)=E [/tT (rs + ;;&) ds

Xt:.’L‘:| .

Solution: Repeating the above argument starting at date ¢ instead of date 0 shows that

the expected utility at ¢ is

T
1
log Wi + E¢ [/ <7"5 + (s — 7st) — 2#225775) ds] .
t

Substituting the optimum 75 = 35 (s — rs¢) and recalling that k2 = (u — 7)Y~ (1 — 71)

yields the result.

14.4. Consider an investor with log utility and an infinite horizon. Assume the capital market line

is constant, so we can write J(w) instead of J(z,w) for the value function.

(a) Show that

solves the HJB equation (14.25), where

logd r— 68+ k2/2
K= .
§ 62

Show that ¢ = w and m = X~ !(; — 71) achieve the maximum in the HJB equation.
Solution:  Substituting J = K + logw/d, J, = 1/(0w) and Jyw = —1/(6w?), the HIB

equation (14.25) is

1 1
O—max{logc—Kd—logw—i— r+7r'(u—m)—£} —’/T/Eﬂ} :
c,m ) w

The maximum is achieved at ¢ = dw and 7 = X1 (u — r¢). Substituting these into the HJB

equation, it reduces to the formula given for K.
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(b) Show that the transversality condition

lim E [e"sTJ(W%)} =0

T—o0

holds, where W* denotes the wealth process generated by the consumption and portfolio
processes in part (a).

Solution: We have

*

W*

dw=
W*

—(r—i—w'(,u—r)— > dt + n'ocdB
=(r+r*=08)dt+ (un—r)StodB.

Hence,

dlogW™* = <r -0+ ;n2> dt + (u—7r)2'odB.
This implies that
E [e_dt log Wf} =e T logWy + e T <r -0+ ;/42) T—0
as T' — oo.

14.5. Consider an investor with power utility and an infinite horizon. Assume the capital market

line is constant, so we can write J(w) instead of J(x,w) for the value function.

(a) Define

Assume (14.26) holds, so & > 0. Show that

()

solves the HJB equation (14.25). Show that ¢ = éw and m = (1/p)% 71 (u — re) achieve the

maximum in the HJB equation.
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Solution:  Substituting J = ¢ Pw!'=?/(1 — p), wJy, = EPw' ™ and w2 Jyw = —pE P w7,

the HIB equation (14.25) is

1 1) 1
0 =max{ ——c'"P - ——¢ PP 4 [r + 7' (p—re) — E} EPwTP — ZpeTPwtPR'ST
c,T 1— P 1— p w 2

The maximum is achieved at ¢ = éw and 7 = (1/p)X ! (u — r1). Substituting these into the

HJB equation, it reduces to the formula given for &.
Show that, under the assumption £ > 0, the transversality condition

lim E [e_étJ(W$)] =0

T—o00

holds, where W* denotes the wealth process generated by the consumption and portfolio
processes in part (a).
Solution: We have

*

W*

dw*
W*

<r+7r'(,u—7“)— > dt + 7’0 dB

/{2 1 Iy—1
r =€) did (=)o dB.

Hence,

2 K2 1 (T R
Wi =W, — 4+~ - T+ - — Yy lodB; ) .
g 06Xp<(r o P 2p2> +P/0 (u—ryaod t)

This implies

lep _ trl—p KR 1—p [T -1
(W) P =Wy Pexp | (1-p) 7“—5—1—?—— T+—— | (u—r)¥ 0dB;| .

2p? pJo
Thus,
E e~ (W5)! | = Wy exp ({—6 +(1=p) (7‘ —et % - ;};) + 2:;3 i }T)
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The transversality condition holds if and only if

(1 - p)w?

0.
2p <

5+ (1= p)r =)+

Substituting the formula for £ into this and rearranging shows that it is equivalent to

o o _ 2
0-(A=pr (A-pk”_
P 2p?

14.6. Consider an investor with power utility and a finite horizon. Assume the capital market
line is constant and the investor is constrained to always have nonnegative wealth. Let M = M,,.

Calculate the optimal portfolio as follows.

(a) Using (14.12), show that, for s > t,
E [M;_l/p} - Mtlil/pea(s_t) ;

for a constant «.

Solution: For s > t, we have
L 5
My = Myexp | —r(s—1t) — of (s—t)—k(Zs—Z1) ) .
Therefore,

Mo = M exp (—r<s ~t)(p—1)/p— %( —t)(p—1)/p—K(Zs — Zi)(p — 1>/p) :

The exponential is of a normally distributed variable, so
E, |:M81—1/p1| _ Mtl—l//’ea(s—t)’
where

a=—r(p—1)/p— 3520~ 1)/p+ 3520~ 1/,
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(b) Define C; and Wy from the first-order conditions (14.7) and set

T
M, My
W, =E —Csds+ —W:
t t[t M, M, T

Show that

Wy = g(t)Mtil/p

for some deterministic function g (which you could calculate).

Solution: The first order conditions are

MO =M, = Cp= (eétth> "

BW5f =yMy = Wy = (yMr/B)~V7.

Thus,
1 T
Wi = MEt [/ MCyds + MTWT}
t t
_ 1 T s\ "Ue 1-1/p “1/prsl-1/p
= MEt [/t (76 ) M, ds+ (v/B) /P My
1 /7 —1/p _ 1 B B
- Mt/t (7665) E, [Msl 1/p] d5+ﬁt(7/ﬂ) 1/rEg, [M% 1/p}
- r —1/p _
_ Mt 1/P/t (,yeés) ea(s—t) ds + (’Y/ﬁ)_l/th 1/pea(T_t) ‘
Hence,
Wt - Mt_l/pg(t) )
where

T -1/p B B -
g(t) = / (,yeés) e(5—t) g + (v/B) 1/peo(T—t)
t

(¢) By applying Itd’s formula to W in Part (b), show that the optimal portfolio is

1
Y =)
P



