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Solution: When returns are normally distributed, a CARA investor chooses the return R that

maximizes

E[R] — %awo var(R) .

Given R = Rp + bé, + € and Facts 11 and 15, the objective function is
~ B 1 ~ B B

E[R + be,] — 500 [var(R, + bé,) + var(é)],

so it is optimal to choose £€ = 0. The investor chooses b to maximize
- 1 ~ 9 -

bE[e,] — §aw0[26 cov(Rp, €p) + b” var(ép)],
and the optimum satisfies

E[ép] — awg cov(R,, &p) — awg var(éy)b =0,
implying

Elép] _ COV(RIIH ép)

b pu—
aw var(€ép) var(é,)

Using Facts 8 and 17, we can simplify this further to

1 + awoE[R,)]

b= awo(1 — E[&,))

5.8. Assume there is a risk-free asset.

a) Using the formula (3.45) for m,, compute A such that
P

Ry = Ml eR+ (1= ARy

Solution: We have
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Hence

var(mp) = —5

where k% = (Rpe — p)’S 7 (Rye — ) is the squared maximum Sharpe ratio. Because E[r,] =

1/Ry, this implies

. 1+ K2
f

Therefore, by the definition R, = 7,/ E[mz], we have

5 Rf Rf Iv—1/1
R, = + Ret — Y (R —
D 1+ k2 1+ g2 ( ft M) ( N)v

in the notation of Section 5.2. Setting

By (B = BC)

A=
1+ K2

b
we have

1+/€2+RfB—R?cC_ 1+A—RfB

1-A=
1+ K2 14 k2

i

because k2 = A — 2R¢B + R?C. Thus,

R, = MR+ (1= ARy

Show that X in part (a) is negative when Ry < B/C and positive when Ry > B/C. Note: This
shows that Rp is on the inefficient part of the frontier, because the portfolio generating Rp is
short the tangency portfolio when the tangency portfolio is efficient and long the tangency
portfolio when it is inefficient.

Solution:

Ry(B — RsC)

A=
1+ k2

<0

when B > RyC' and positive when B < R;C.
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5.9. Consider the problem of choosing a portfolio 7 of risky assets, a proportion ¢, > 0 to borrow
and a proportion ¢y > 0 to lend to maximize the expected return 7’u + ¢, Ry — ¢p R subject to the
constraints (1/2)7'Ymr < k and /7 + ¢y — ¢p = 1. Assume B/C > Ry > Ry, where B and C are

defined in (?7). Define

1
YN — Rpe)
o
UEHpu— Ry)

Ty = Z_l(M_Rbb)a

>N — Ret).

Ty =

Using the Kuhn-Tucker conditions, show that the solution is either (i) 7 = (1—¢y)m, for 0 < ¢y < 1,

(i) m=Amp+ (1 = N)mp for 0 < A <1, or (iil) m = (1 + ¢p)mp for ¢p > 0.
Solution: The Kuhn-Tucker conditions are

w—o0xmT—vy =0,
Rﬁ —v+n= Oa
_Rb Ty = 0 )
b, Pb, 10, Mp, 6 2 0,

1
57‘(’27‘( <k,
Jmt e —dp =1,

1 /
Mede =1y =0 | gmim—k | =0.
There are three possibilities to consider: (i) ¢¢ > 0, (ii), ¢ > 0, (iii) ¢y = ¢p = 0.

(i) If ¢¢ > 0, then ny = 0, v = Ry, and
|
= 52 (1w — Ry).

Also, v = Ry implies n, = Rp— Ry > 0. Hence, ¢ = 0, and /7 = 1—¢;. This implies 7 = (1—¢y)my.



64 CHAPTER 5. MEAN-VARIANCE ANALYSIS
(ii) If ¢ > 0, then n, =0, v = — Ry, and
|
T = 52 (i — Rpe).

Also, v = — Ry, implies 7y = Ry— Ry > 0, so ¢y = 0. This implies /7 = 1+¢;,. Hence, 7 = (1+¢p ).
(iii) If ¢p = ¢p = 0, then
= %E_I(M — ),
where v = Ry +ny; > Ry and v = Ry — 1y < Rp. Thus, v = ARy + (1 — AR}, for some 0 < A < 1.

From /7 = 1, it follows that 7 = Amy + (1 — ).



Chapter 6

Factor Models

6.1. Assume there exists a return R* that is on the mean-variance frontier and is an affine function
of a vector F; that is, R = a + b'F. Assume either (i) there is a risk-free asset and R, # Ry, or
(i) there is no risk-free asset and R, is different from the GMV return. Show that there is a factor

model with factors F.

Solution:  Under either assumption (i) or (i), there is a factor model with R* as the factor.

Thus, for every return R,

E[R] = a 4+ Acov(R*, R)
= a+ M\ Cov(F, R)

=a+ 5\’251 Cov(F,R),

where we define

A= AXpb.

6.2. Assume returns are normally distributed, investors have CARA utility,and there is no labor
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income. Derive the CAPM from the portfolio formula (2.22), that is, from

1

=—>Yu-R
¢h an (:u fL)a

where o, denotes the absolute risk aversion of investor h. Show that the price of risk is awg var(f%m),

where « is the aggregate absolute risk aversion defined in Section 1.1 and wy = ¢/ Zthl op, is the

market value of risky assets at date 0.
Solution: Setting ¢ = 25:1 ¢p, and adding the optimal portfolios over investors gives
6= Rp1)
i —_ L y
o . f
which in equilibrium is the vector of market values of risky assets at date 0. Thus,
=R+ aXe.

The market portfolio is 7 = (1///¢)¢. The return on the market portfolio is R,, = ¢/ R¥°/¢'t, and
the vector of betas of the asset returns with respect to the market return is

1
X

Y.

We have

p=Rp+al/¢)Sr = a(/¢)(r'En) Y,

'
so the factor risk premium is

a(de)(n'Erm) = awg var(Ry,) .

6.3. Assume there is a risk-free asset, and assume that a factor model holds in which each factor

fi,--., fr is an excess return.

(a) Show that each return R on the mean-variance frontier equals

k
Ri+> Bif; (6.33)

j=1
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for some f1,...,Br. In other words, show that the risk-free return and the factors span the
mean-variance frontier.

Solution:

Consider an arbitrary return R. Let a + 2521 Bj fj be the orthogonal projection of R onto
the span of the fj and a constant. This means that
~ k ~
R:aJrZijj+5,
j=1
where € has a zero mean and is orthogonal to the fj Set R* = Ry + Z§:1 Bj f] for the same
Bj’s. Because the f] are excess returns, R* is a return. We have
~ k ~
E[R'] = Ry + ) BiE[f)].
j=1
Because there is factor pricing, we also have
~ k ~
E[R] = Ry + ) _ BELf].
j=1
Therefore, E[R*] = E[R]. Furthermore,

k
var(R) = var Zﬁjf] + var(g;) > var Z | = var(RY),

j=1

with the weak inequality being an equality only if € = 0 (in which case we must have a = Ry).
Therefore, for each return R that is not of the form Ry + Z§:1 Bj fj, there is a return that
is of the form Ry + Z§:1 Bj f] that has the same mean and a strictly smaller variance. This

implies that all frontier returns are of the form R; + Z§:1 Bj fj

(b) Show that a return of the form (6.33) is on the mean-variance frontier if and only if 5 =

(B1 -+ Br) satisfies

B =585\
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for some §, where X is the (assumed to be nonsingular) covariance matrix of F = (fr- fx)s
and A = E[F] € RF,

Solution:  The frontier consists of the returns of the form (6.33) that have minimum
variance for a given mean. That is, the frontier consists of the returns Ry + (' F where 8
solves

1
mﬁin 56’21:6 subject to Ry + B\ = pitarg -

The first-order condition for this optimization problem is X g8 = J§A for some Lagrange

multiplier §. Thus, 8 = 52}1)\.

6.4. Suppose there is a risk-free asset and suppose Jensen’s alpha in (6.22) is positive. Consider
an investor with initial wealth wg who holds the benchmark portfolio and therefore has terminal

wealth woRy. Assume E[u/(woRp)] > 0. Consider the return
Ri=R+(1—-pB)(Ry— Ry) =Ry +a+é
Show that
E[o/ (woRy)(R1 — Ry)] = E[u (woRy)] > 0 (6.34)

if utility is quadratic or if R and Ry are joint normally distributed. Note: Condition (6.34) implies
that the expected utility of a convex combination AR; + (1- )\)Rb is greater than the expected
utility of Ry, for sufficiently small A > 0. Thus, this exercise shows that a positive Jensen’s alpha

implies that utility improvements are possible if utility is quadratic or returns are joint normal.

Solution:  E[u/(woRy) (R — Ry)] = E[u/(woRyp) (o + )] = aE[u/ (woRy)] + E[u (woRy)E]
By construction, £ is uncorrelated with Ry,. In general, we cannot argue that E[u/(woRp)E] = 0 but

consider the two cases below:

e If u is quadratic then v’ is linear and E[u/(woRp)é] = 0 follows from cov(Ry, &) = 0.
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o If R and R, are joint normally distributed then € and Ry, are also joint normally distributed

and since they are uncorrelated they are independent.

6.5. Suppose investors can borrow and lend at different rates. Let Rj denote the return on borrow-
ing and Ry, the return on lending. Suppose B/C > Ry > Ry, where B and C' are defined in (5.6).
Suppose each investor chooses a mean-variance efficient portfolio, as described in Exercise 5.9.

Show that the CAPM holds with Ry < R, < Ry.

Solution: From Exercise 5.9, the optimal portfolio of risky assets for each investor h is
6h[)\h778 + (1 - )\h)ﬂ'b] ,

where 0 < Aj, < 1 and d;, > 0 is the fraction of investor h’s wealth that is invested in risky assets.
It follows that the market portfolio of risky assets is A+ (1 — A)m, for some 0 < X < 1. The vector

of covariances of the risky asset returns with the market return is therefore

1—-A

pvec _ — # — e —
Cov(R 7Rm) = E[)\?Tg + (1 >\)7Tb] (H RbL) + B—CRy

Define 6, = \/(B — CRy) and 6; = (1 — \)/(B — CRy). Then, we have

~ ~ Op Ry + 0¢ Ry
— C R R Zb7% T UM
K Oy + 0, ov( Fom) + Oy + 0, ‘
Thus,
no— Op Ry + 0s Ry
z eb + 98 )
which is a convex combination of R, and Ry.
6.6. Assume the asset returns R; for i = 1,...,n satisfy

R; = E[R;] + Cov(F, R,)'S - (F — E[F]) + &,
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where each &; is mean-independent of the factors F', that is, E[&; | F] = 0 (note it is not being as-
sumed that cov(&;,€;) = 0). Assume markets are complete and the market return is well diversified

in the sense of having no idiosyncratic risk:

Ry, = E[Rp] + Cov(F, Ry) S5  (F — E[F]).

Show that there is a factor model with factors F. Hint: Pareto optimality implies sharing rules
Wy, = fn (wm)

Solution: Complete markets and strictly monotone preferences imply Pareto optimality. Given
the sharing rules, the marginal utility of any investor depends only on w,, and hence depends only
on F. Thus, there is an SDF that is proportional to an investor’s marginal utility and equal to
m = g(F) for some function g. By the strict monotonicity of preferences, m is strictly positive.
Hence, E[m] # 0. This implies a factor pricing model with m as the factor. This further implies an

APT pricing formula with pricing errors —E[mé;]/E[m]. The pricing errors are zero, because,
E[méi] = E[E[g(F)& | F] = E[g(F)E[& | F] = 0.
Thus, there is exact APT pricing, i.e., a factor pricing model with F' as the factors.

6.7. Suppose two assets satisfy a statistical factor model with a single factor:

Rle[Rl]—i-f—Fél,
Ry =E[Ry] — f+ &

where E[f] = E[&1] = E[&] = 0, var(f) = 1, cov(f,&1) = cov(f,&) = 0, and cov(é],&3) = 0.

Assume var(é;) = var(&9) = o2. Define Rf = Ry and R} = 7Ry + (1 — m)Ry with 7 = 1/(2 + 02).
(a) Show that ﬁf’{ and R; do not satisfy a statistical factor model with the single factor f .

Solution: R} = E[R}] + (2 — 1) f + &5, where &5 = &) + (1 — )& is uncorrelated with f.

However, cov(&1,&3) = ma? # 0.
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(b) Show that R”{ and R; satisfy a statistical factor model with zero factors, that is,
Ry = B[R] + 5,
R = ELR3] + 23,
where E[¢*] = E[85] = 0 and cov(&5,&5) = 0.

Solution: Define & = f+ ¢ and &5 = 2r — 1)f + 7€1 4+ (1 — 7)&2. Then
R = B[R] + 41
R = E[RS] + 5,

and cov (£}, &%) = (2 — 1) var(f) + mo? = 27 — 1 + w02 = 0.

(c) Assume exact APT pricing with nonzero risk premium A for the two assets in the single factor
model, that is, E[R;] — Ry = Acov(R;, f) for i = 1,2. Show that there cannot be exact APT
pricing in the zero factor model for R} and Rj.

Solution: Exact APT pricing with zero factors means E[R}] = E[R5] = Ry, but E[R}] =

Ry + A

6.8. Assume there are H investors with CARA utility and the same absolute risk aversion a.
Assume there is a risk-free asset. Assume there are two risky assets with payoffs Z; that are
joint normally distributed with mean vector p and nonsingular covariance matrix 3. Assume Hy;
investors are unaware of the second asset and invest only in the risk-free asset and the first risky

asset. If all investors invested in both assets (Hy = 0), then the equilibrium price vector would be

1 o ~
e — ——30
e T T

where @ is the vector of supplies of the risky assets (Exercise 4.1). Assume 0 < Hy < H, and set

H; = H — Hy.
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(a) Show that the equilibrium price of the first asset is p; = pj, and the equilibrium price of the

second asset is

. o H - cov(xy,T 2 "
=i 5 (B0 (- LT

var(Z1)

Solution: The optimal portfolio of investors who do not invest in the second risky asset is

Oy = (61 0)', where

Elz1] — Ry

O =
vt avar(Z)

The optimal portfolio of investors who invest in both risky assets satisfies
aXlr =p— Rysp.

Let 0;; denote the (i, j)-th element of ¥. The market clearing condition § = Hf; + Hy 0y
J

implies

1 0

_ H,
a0 = HraX6; + HyaX0y = Hi(u — Ryp) + TUE (n— Ryp)
11 0 0
H 0
= (1 — Rgp).

Hyoi2/o1n  Hrp



