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Choice Problem



Portfolio Choice Problem

An investor chooses consumption process C and portfolio process π to

max E

∫ ∞

0

e−δtu(Ct)dt

subject to the intertemporal budget constraint.

Assume no labor income (Y = 0). The intertemporal budget constraint is

dW

W
= − C

W
dt + r dt + π′(µ− r ι)dt + π′σ dB
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State Variable

State variable X . For simplicity, assume it is scalar. Assume

dXt = ϕ(Xt)dt + ν(Xt)
′ dBt ,

for functions ϕ and ν, where B is the same k–vector of independent

Brownian motions that determines the security returns.

Assume the investment opportunity set at date t depends only on Xt .

That is,

• the interest rate is r(Xt),

• the asset expected returns are µ(Xt),

• the asset volatility matrix is σ(Xt).
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HJB Equation



Hamilton-Jacobi-Bellman Equation

At the optimum, the current utility is just enough to offset the loss in

value due to the passage of time and discounting and due to the

expected change in the value function:

0 = max
C ,π

{
u dt − δJ dt + drift of J

}
This is the continuous-time version of the equation

0 = max
controls

{
current reward

+ [discounted future value of J − current value of J]
}

By Itô’s formula, using subscripts to denote partial derivatives,

drift of J = Jw drift of W + Jx drift of X + second-order terms
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drift of W = −C + rW +Wπ′(µ− r ι)

drift of X = ϕ

(dW )2 = (Wπ′σ dB)(Wπ′σ dB)′ = W 2π′Σπ dt

(dW )(dX ) = (Wπ′σ dB)(ν′ dB)′ = Wπ′σν dt

(dX )2 = (ν′ dB)(ν′ dB)′ = ν′ν dt
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The HJB equation is

0 = max
C ,π

{
u − δJ +

[
− C + rW +Wπ′(µ− r ι)

]
Jw + ϕJx

+
1

2
W 2π′ΣπJww +Wπ′σνJwx +

1

2
ν′νJxx

}
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FOCs



Optimal Consumption (Envelope Condition)

The FOC for C is

u′(C ) = Jw

This means that if you are given an extra unit of the consumption good,

you could consume it and get u′ or save it and get Jw and at the

optimum these two values must be equal (you equate marginal values).

We can invert the marginal utility and solve the envelope condition to

compute the optimal consumption as a function of W and X :

C =
(
u′
)−1(

Jw (W ,X )
)

For example, if u = log then

u′(C ) = Jw ⇒ 1

C
= Jw ⇒ C =

1

Jw
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Optimal Portfolio

The FOC for π is

WJw (µ− r ι) +W 2JwwΣπ +WJwxσν = 0

We can solve this as

π = − 1

WJww
Σ−1

[
Jw (µ− r ι) + Jwxσν

]
We can rearrange the solution as

π = − Jw
WJww

Σ−1(µ− r ι)− Jw
WJww

Jxw
Jw

Σ−1σν

What are the terms/factors in this formula?
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In the formula for the optimal portfolio, we see relative risk aversion of

the value function, the log-optimal portfolio, the sensitivity of the

marginal value of wealth to changes in X (namely ∂ log Jw/∂x) and the

vector Σ−1σν.

Consider the stochastic part of the portfolio return due to the last term

in the optimal portfolio formula. It is proportional to

(Σ−1σν)′σ dB

Take the transpose and write out the definition Σ = σσ′. We have

(Σ−1σν)′σ dB = ν′σ′(σσ′)−1σ dB

The row vector in front of dB is the transpose of the projection of ν onto

the span of the rows of σ. It is the portfolio that has maximum

correlation with dX . This part of the portfolio is called the hedging

demand. It hedges changes in X .



Hedging Demands

• Suppose Jwx > 0. This means that the marginal value of wealth Jw
is larger when X is larger.

• And suppose that the multiple regression (projection) of dX on the

asset returns has a positive coefficient for some particular asset.

• Under these two conditions, an investor holds an extra amount of

the asset, because it pays off highly when wealth is needed (it tends

to pay when Jw goes up).

• The investor hedges against Jw rising by holding assets that pay

highly when Jw rises.

• How much of an asset the investor holds to hedge depends on

• risk aversion

• how much X matters (∂ log Jw/∂x)

• how much and in what direction the asset covaries with X (more

precisely, the size and sign of the multiple regression coefficient).
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Log Example



HJB Equation for Log Utility

For log utility, let’s see if there is a solution of the HJB equation

0 = max
C ,π

{
u − δJ +

[
− C + rW +Wπ′(µ− r ι)

]
Jw + ϕJx

+
1

2
W 2π′ΣπJww +Wπ′σνJwx +

1

2
ν′νJxx

}
of the form

J(w , x) = a logw + f (x)

for some constant a and function f .
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J(w , x) = a logw + f (x) implies

Jw = a/W ⇒ WJw = a

Jww = −a/W 2 ⇒ W 2Jww = −a

Jwx = 0

Jx = f ′

Jxx = f ′′

Set Z = C/W .
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Optimum

Substituting ⇒

0 = max
C ,π

{
logZ + logW − δ[a logW + f ]

+ a[−Z + r + π′(µ− r ι)] + ϕf ′

− a

2
π′Σπ +

1

2
ν′νf ′′

}

The optimal consumption rate is Z∗ = 1/a. The optimal portfolio solves

max
π

π′(µ− r ι)− 1

2
π′Σπ

FOC is µ− r ι− Σπ = 0, so π∗ = Σ−1(µ− r ι).

BUSI 521/ECON 505/ECON 505 12



Ordinary Differential Equation

Substituting ⇒

0 = logW − log a− δa logW − δf

− 1 + ar + ϕf ′ +
1

2
ν′νf ′′ +

a

2
(µ− r ι)′Σ−1(µ− r ι)

For this to be true for all (W ,X ), the terms involving W and the terms

involving X must separately add to zero.

Equating the W terms to zero yields a = 1/δ, so Z∗ = δW .

Substituting this and equating the X terms to zero yields

0 = log δ − δf − 1 +
r

δ
+ ϕf ′ +

1

2
ν′νf ′′ +

1

2δ
(µ− r ι)′Σ−1(µ− r ι)

This is an ODE in f .
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CCAPM



SDF Factor Pricing and Euler Equation

• Risk premia depend on covariances with an SDF: for all

dividend-reinvested prices S ,

E

[
dS

S

]
− r dt = −

(
dS

S

)(
dM

M

)
• This is another way of saying that

µ− r ι = σλ

• Also, we have the Euler equation (FOC):

e−δtu′(Ct)

u′(C0)
= Mt

• In other words, MRS is an SDF. So, risk premia depend on

covariances with marginal utility.
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Risk Premia over Short Horizons

• In a single period model, risk premia also depend on covariances

with marginal utility.

• What are we going to do that’s new here? Over short horizons,

changes in marginal utility can be approximated by changes in

consumption (Taylor series).

• Apply Itô’s formula to u′(Ct) to get

du′(Ct) = u′′(Ct)dCt + second-order term

• There is no covariance with the second-order term (it is something

dt so ‘risk-free’).

• So, over short horizons, risk premia depend on covariances with

consumption changes.
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CRRA example

• Suppose u(c) = c1−ρ/(1− ρ), so

M =
e−δtC−ρ

t

C−ρ
0

= Cρ
0 e

−δtC−ρ
t

• Then, the stochastic part of dM/M is ?

dM

M
= −ρ

dC

C
+ something dt

• So,

E

[
dS

S

]
− r dt = ρ

(
dS

S

)(
dC

C

)
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CCAPM

• We don’t need to assume CRRA utility. Use the Euler equation and

apply Itô’s formula to u′(Ct). We get the same formula with ρ

replaced by
−Ctu

′′(Ct)

u′(Ct)

• The formula is true for aggregate consumption, even without a

representative investor. Replace RRA with aggregate consumption

multiplied by aggregate absolute risk aversion. As usual, aggregate

absolute risk aversion is the reciprocal of the sum of the investors’

risk tolerances.

• Risk premia over short periods (dt) equal aggregate relative risk

aversion multiplied by the covariance with aggregate consumption

growth.
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ICAPM



ICAPM

• Merton’s Intertemporal CAPM states that risk premia depend on

covariances with the market return plus covariances with the state

variables that determine investment opportunities.

• One proof: Use (i) SDF pricing, (ii) Euler equation and (iii) envelope

condition u′ = Jw to see that risk premia depend on covariances

with Jw .

• Over short horizons, changes in Jw can be approximated by changes

in W and in state variables X (Itô’s formula). So, over short

horizons, risk premia depend on covariances with wealth and state

variables.

• In other words, we add covariances with state variables to the

CAPM.
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Portfolio Proof of ICAPM

• From previous work,

π = − Jw
WJww

Σ−1(µ− r ι)− Jw
WJww

Jxw
Jw

Σ−1σν

• So,

−WJww
Jw

Σπ − Jxw
Jw

σν = µ− r ι

• What is Σπ?

It is the vector of covariances between σ dB and

π′σ dB.

• What is σν? It is the vector of covariances between σ dB and ν′ dB.
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