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Financial Options

A financial option is a right to buy or sell a financial security.

The right trades separately from the (underlying) security and usually

even on a different exchange.

The rights are not (usually) issued by the companies who issue the

underlying securities. Instead, the rights are created when someone buys

one from someone else. Open interest is the number that exist at any

point in time.
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A call option gives the holder the right to buy an asset at a pre-specified

price.

A put option gives the holder the right to sell an asset at a pre-specified

price.

The pre-specified price is called the exercise price or strike price.

An option is valid for a specified period of time, the end of which is

called its expiration date or maturity date.

You pay upfront to acquire an option. The amount you pay is called the

option premium. It is not part of the contract but instead is determined

in the market (like a stock price).
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Buying, Selling, and Exercising

Anyone with an appropriate brokerage account can at any time either buy

or sell an option.

Individuals usually buy options instead of selling them (when they open

positions), though they may sell as part of a portfolio (e.g., buy one

option and sell another).

After buying an option, investors usually sell it later instead of exercising.

However, the right to exercise is what gives an option its value.

Sellers of options need to have sufficient equity in their accounts

(margin). A buyer needs enough cash to pay the premium but no more

(like buying a stock).
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Value of a Call at Maturity

At maturity,

1. If the underlying price is below the strike, the value of a call is zero

(why pay the strike if you can buy it cheaper in the market?).

2. If the underlying price is above the strike, the value is

underlying price− strike

because you can exercise, paying the strike, and then sell the

underlying in the market at the market price, pocketing the

difference between the underlying price and the strike.

Combining the two cases,

call value = max(S − K , 0)

where S = underlying price and K = strike.
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Moneyness

Borrowing language from horse racing, we say a call is in the money if

S > K , at the money if S = K and out of the money if S < K .

Also, “deep in the money” when S >> K and “deep out of the money”

when S << K .

We use the moneyness term at maturity and also before maturity.
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Value of a Put at Maturity

A call value at maturity is max(S − K , 0), but a put value is

max(K − S , 0).

1. If the underlying price is above the strike, the value is zero (why sell

at the strike when you can sell at a higher price in the market?).

2. If the underlying price is below the strike, then

put value = K − S

because you could buy the underlying in the market and then sell it

for the strike by exercising the put, pocketing the difference.

We say a put is in the money if K > S , at the money if K = S , and out

of the money if K < S .
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European vs. American

Most financial options can be exercised at any time the owner wishes,

prior to maturity. Such options are called American.

There are some options that can only be exercised on the maturity date.

They are called European.

Both types are traded on both continents.
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Black-Scholes



Assumptions

• single risky asset and single Brownian motion, constant risk-free rate

• no dividends

• geometric Browinan motion price process

dS

S
= µdt + σ dB

for constants µ and σ

• option that expires at some future date T

• European = can only be exercised at T
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Asset Price

dS

S
= µdt + σ dB

d log S =

(
µ− 1

2
σ2

)
dt + σ dB

log ST = log S0 +

(
µ− 1

2
σ2

)
T + σBT

ST = S0e
(µ−σ2/2)T+σBT
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SDF Process

dM

M
= −r dt − λ dB

σλ = µ− r ⇒ λ =
µ− r

σ

d logM = −r dt − 1

2
λ2 dt − λ dB

logMT = logM0 −
(
r +

1

2
λ2

)
T − λBT

MT = e−(r+λ2/2)T−λBT
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Valuing a Call

Value of call at maturity is max(0,ST − K ) = (ST − K )+

Let A denote the event ST > K and let 1A denote its zero-one indicator.

The value of the call at maturity is

(ST − K )1A = ST1A − K1A

The value of the call at date 0 is

E[MTST1A]− KE[MT1A]
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The event A is the event log ST > logK , which is the event

log S0 +

(
µ− 1

2
σ2

)
T + σBT > logK

Let z̃ denote the standard normal −BT/
√
T . The event A is the event

log S0 +

(
µ− 1

2
σ2

)
T − σ

√
Tz̃ > logK

This is equivalent to

z̃ < z̄
def
=

log S0 − logK + (µ− σ2/2)T

σ
√
T

Also,

ST = S0e
(µ−σ2/2)T−σ

√
Tz̃ and MT = e−(r+λ2/2)T−λ

√
Tz̃

So, we’re integrating exponentials of a standard normal over the region

(−∞, z̄).



Black-Scholes Formula

Value of the call at date 0 is

S0 N(d1)− e−rTK N(d2)

where N is the standard normal cdf and

d1 =
log S0 − logK + (r + σ2/2)T

σ
√
T

d2 = d1 − σ
√
T
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Risk-Neutral Probability

The asset price process is also

dS

S
= r dt + σ dB∗

where B∗ is a Brownian motion under the risk-neutral probability.

The value of the call at date 0 is

e−rTE∗[ST1A]− e−rTKE∗(1A) = e−rTE∗[ST1A]− e−rTKQ(A)
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